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Abstract. We study the cutoff phenomenon for generaUzed riffle shuffles 
where, at each step, the deck of cards is cut into a random number of packs of 
multinomial sizes which are then riffled together. 



1. Introduction 

In this article we consider some generalizations of the standard riffle shuffle of 
Gilbert, Shannon and Reeds (GSR-shuffle for short). The GSR-shuffle models the 
way typical card players shuffle cards. First, the deck is cut into two packs according 
to an (n, i)-binomial random variable where n is the number of cards in the deck. 
Next, cards are dropped one by one from one or the other pack with probability 
proportional to the relative sizes of the packs. Hence, if the left pack contains 
a cards and the right pack b cards, the next card drops from the left pack with 
probability a/{a + b). 

The history of this model is described in ^ Chap. 4D] where the reader will 
also find other equivalent definitions and a discussion of how the model relates to 
real life card shuffling. The survey [lOj gives pointers to the many developments 
that arose from the study of the GSR model. 

Early results concerning the mixing time (i.e., how many shuffles are needed 
to mix up the deck) are described in [U [21 [8]. In particular, using ideas of Reeds, 
Aldous proved in [1] that, asymptotically as the number n of cards tends to infinity, 
it takes | logj n shuffles to mix up the deck if convergence is measured in total 
variation (we use log^ to denote base a logarithms and log for natural, i.e., base e, 
logarithms). 

In [4], Bayer and Diaconis obtained an exact useful formula for the probability 
distribution describing the state of the deck after k GSR-shuffles. Namely, suppose 
that cards are numbered 1 through n and that we start with the deck in order. Let 
a denote a given arrangement of the cards and let Q^icr) be the probability that 
the deck is in state a after k GSR-shuffles. Then 



(1.1) Q^(^) = 2 

where r is the number of rising sequences in a. Given an arrangement of the deck, 
a rising sequence is a maximal subset of cards consisting of successive face values 
displayed in order. For instance, the arrangement 3,1,4,5,7,2,8,9,6 has rising 
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sequences (1, 2), (3, 4, 5, 6), (7, 8, 9). See [2113 ^oi' details. By definition, the total 
variation distance between two probability measures /i, on a set S is given by 

IIm - i'IItv = sup{^(yl) - i^{A)}. 
Acs 

Using the formula displayed in p.ip , Bayer and Diaconis gave a very sharp version 
of the fact that the total variation mixing time is | logj n for the GSR-shuffle. 

Theorem 1.1 (Bayer and Diaconis [J]). Fix c G (— oo, +00). For a deck ofn cards, 
the total variation distance between the uniform distribution and the distribution of 
a deck after k = ^ log2 n + c GSK-shuffies is 

This result illustrates beautifully the so-called cutoff phenomenon discussed in [U 
m [31 [HI ISl [m HZ] ■ Namely, there is a sharp transition in convergence to stationarity. 
Indeed, the integral above becomes small very fast as c tends to -l-oo and gets close 
to 1 even faster as c tends to —00. 

The aim of the present paper is to illustrate further the notion of cutoff using 
some generalizations of the GSR-shuffle. Along this way we will observe several phe- 
nomena that have not been, to the best of our knowledge, noticed before. For a deck 
of n cards and a given integer m, a m-riffle shufSe is defined as follows. Cut the deck 
into m packs whose sizes (ai, . . . , am) form a multinomial random vector. In other 
words, the probability of having packs of sizes ai, . . . , is m~" ^ |"'^ — f. Then form 
a new deck by dropping cards one by one from these packs with probability propor- 
tional to the relative sizes of the packs. Thus, if the packs have sizes (fei, . . . , 6m) 
then the next card will drop from pack i with probability + • • • + bm)- We 

will refer to an m-rifRe shuffle simply as an m-shuffle in what follows. Obviously 
the GSR-shuffle is the same as a 2-shuffle. A 1-shuffle leaves the deck unchanged. 

These shuffles were considered in [3] where the following two lemmas are proved. 

Lemma 1.2. In distribution, an m-shuffte followed by an independent m' -shuffle 
equals an mm' -shuffle. 

Lemma 1.3. For a deck ofn cards in order, the probability that after an m-shuffle 
the deck is in state a depends only of the number r = r{a) of rising sequences of a 
and equals Qn,m{f) where 



TO 

n 



For instance, formula p.ip for the distribution of the deck after k GSR-shuffles 
follows from a direct application of these two lemmas since k consecutive indepen- 
dent 2-shuffles equal a 2'''-shuffle in distribution. These lemmas will play a crucial 
role in this paper as well. 

The model we consider is as follows. Let p = (p(l),p(2), . . . ) be the probability 
distribution of an integer valued random variable X , i.e., 

P{X = k) =p{k), k = l,2,.... 

A p-shuffle proceeds by picking an integer m according to p and performing an 
TO-shufffe. In other words, the distribution of a p-shuffle is the p-mixture of the 
TO-shuffle distributions. Note that casinos use multiple decks for some games and 
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that these are shuffled in various ways (including by shuffling machines). The model 
above (for some appropriate p) is not entirely unrealistic in this context. 

Because of Lemma II. 3[ the probability that starting from a deck in order we 
obtain a deck in state a depends only on the number of rising sequences in a and 
is given by 

oo 

(1.2) g„,p(r) = ^p(m)g„,„(r) = E{Q„^x{r)). 

1 

Abusing notation, if a denotes a deck arrangement of n cards with r rising se- 
quences, we write 

Qn,p(o-) = (3,up(r). 

Very generally, if Q is a probability measure on deck arrangements (hence describes 
a shuffling method), we denote by Q'^ the distribution of the deck after k such 
shuffles, starting from a deck in order. For instance. Lemma fL2l vields 

Let Un be the uniform distribution on the set of deck arrangements of n cards. 
Although this will not really play a role in this work, recall that deck arrangements 
can be viewed as elements of the symmetric group Sn in such a way that Q'^, the 
distribution after k successive Q-shuffles, is the fc-fold convolution of Q by itself. 
See, e.g., [1] |4l [S] [15] . Each of the measures Qn,p generates a Markov chain on deck 
arrangements (i.e., on the symmetric group Sn) whose stationary distribution is 
Un- These chains are ergodic if p is not concentrated at 1. They are not reversible. 
Note that |11| studies a similar but different model based on top m to random 
shuffles. See PTJ Section 2]. 

The goal of this paper is to study the convergence of Qn p to the uniform distri- 
bution in total variation as k tends to infinity and, more precisely, the occurrence 
of a total variation cutoff for families of shuffles {{Sn, Qn,p„, C^ri)}i° the number 
n of cards grows to infinity and p„ is a fixed sequence of probability measures on 
the integers. To illustrate this, we state the simplest of our results. 

Theorem 1.4. Let p be a probability measure on the positive integers such that 

oo 

(1.3) fi — p{k) log fc < oo. 

1 

Fix e £ (0, 1). Then, for any kn > (1 + e)^ logri, we have 

lim ||g^" -[/„||tv = 
whereas, for kn < (1 ~ logn, 

lim IIQ^; [/„|1tv = 1. 

n — >oo ^ 

In words, this theorem establishes a total variation cutoff at time ^ log n (see 
the definition of cutoff in Section [2] below) . If p is concentrated at 2, i.e., Qn,p 
represents a GSR-shuffle, then n = log 2 and ^ logn = | log2 n in accordance with 
the results of Aldous [1] and Bayer-Diaconis [j (e.g., Theorem II. ip . 

The results we obtain are more general and more precise than Theorem 11.41 in 
several directions. First, we will consider the case where the probability distribution 
p = Pn depends on the size n of the deck. This is significant because we will not 
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impose that the sequence p„ converges as n tends to infinity. Second, and this may 
be a Httle sm'prising at first, (|1.3p is not necessary for the existence of a cutoff 
and we wiU give sufficient conditions that are weaker than (|1.3p . Third, under 
stronger moment assumptions, we will describe the optimal window size of the 
cutoff. For instance. Theorem 1 1 . II savs that, for the GSR-shuffle, the window size 
is of order 1 with a normal shape. This result generalizes easily to any m-shuffle 
where m is a fixed integer greater or equal to 2. See Remark l3.1l and Theorem 15.41 
below. Suppose now that instead of the GSR-shuffle we consider the p-shuffle with 
p{2) — p{3) — 1/2. In this case, fi = log V6- Theorem 11.41 gives a total variation 
cutoff at time | log^n. We will show that this cutoff has optimal window size of 
order y'logn. Thus picking at random between 2 and 3 shuffles changes the window 
size significantly when compared to either pure 2-shuffles or pure 3-shuffles. 

We close this introduction with a remark concerning the spectrum of these gen- 
eralized riffle shuffles and how it relates to the window of the cutoff. As Lemma FOl 
makes clear, all riffle shuffles commute. Although riffle shuffles are not reversible, 
they are all diagonalizable with real positive eigenvalues and their spectra can be 
computed explicitly (this is another algebraic "miracle" attached to these shuffles!). 
See [HO [5]. In particular, the second largest eigenvalue of an m-shuffle is 1/m with 
the same eigenspace for all m > 2. See ^13j for a stronger result implying this state- 
ment. Thus, the second largest eigenvalue of a p-shuffle is (3 — ^fc^^p(fc). By 
definition, the relaxation time of a finite Markov chain is the inverse of the spectral 
gap (1 — f3)~^ and one might expect that, quite generally, for families of Markov 
chains presenting a cutoff, this quantity would give a good control of the window 
of the cutoff. The generalized riffle shuffles studied here provided interesting (al- 
beit non-reversible) counterexamples: Take, for instance, the case discussed earlier 
where p{2) = p(3) = 1/2. Then /3 = ^ and (1 - /S)-^ = ^, independently of the 
number n of cards. However, as mentioned above, the optimal window size of the 
cutoff for this family is y/logn. For generalized riffle shuffles, the window size of 
the cutoff and the relaxation time appear to be disconnected. 



The following definition introduces the notion of cutoff for a family of ergodic 
Markov chains. 

Definition 2.1. Let {(S'„, JCn, 7r„)}J° be a family of ergodic Markov chains where 
5,1 denotes the state space, K„ the Markov kernel, and tt^ the stationary distribu- 
tion. This family satisfies a total variation cutoff with critical time tn > if, for 
any fixed e G (0, 1), 



This definition was introduced in [5] . A more thorough discussion is in [9j where 
many examples are described. Note that this definition does not require that the 
critical time t„ tends to infinity (in [9], the corresponding definition requires that 
tn tends to infinity). The positive times tn can be arbitrary and thus can have 
several limit points in [0, oo]. Examples of families having a cutoff with a bounded 
critical time sequence will be given below. Theorem 11.41 above states that, under 
assumption (|1.3p . a p-shuffle has a total variation cutoff with critical time tn = 



2. The cutoff phenomenon 
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Informally, a family has a cutoff if convergence to stationarity occurs in a time 
interval of size o(i„) around the critical time i„. The size of this time interval can 
be thought of as the "window" of the cutoff. The next definition carefully defines 
the notion of the window size of a cutoff. 

Definition 2.2. Let {{Sn, Kn,TTn)}f be a family of ergodic Markov chains as in 
Definition 12.11 We say that this family presents a (t„,6„) total variation cutoff if 
the following conditions are satisfied: 

(1) For all n = 1, 2, . . . , we have tn > and lim 5„/t„ = 0. 

n — >oo 

(2) For c e M - {0} and n>l, set 

k — k{n, c) — 

The functions /, / defined by 

/(c) = limsup sup •) - 7r„||Tv for c 7^ 




and 



satisfy 



/(c) = liminf sup \\K^{x, •) - 7r„|lTv for c 7^ 



lim /(c) = 0, hm /(c) = I. 

c — >oo c — 00 — 



Definition 2.3. Referring to Definition 12.21 a (t„, 6„) total variation cutoff is said 
to be optimal if the functions /, / satisfy /(c) > and /(— c) < I for all c > 0. 

Note that any family having a (t„,5„) cutoff (Definition 12. 2p has a cutoff with 
critical time tn (Definition [2Tl]). The sequence (6n)^ in Definition 12.21 describes an 
upper bound on the optimal window size of the cutoff. For instance the main result 
of Bayer and Diaconis i.e., Theorem 11.11 above, shows that the GSR-shuffle 
family presents a {tn,bn) total variation cutoff with t„ = | log2 n and 6„ — 1. 
Theorem 11.11 actually determines exactly "the shape" of the cutoff, that is, the 
two functions /,/ of Definition 12.21 Namely, for the GSR-shuffle family and t„ — 
I log2 n, 6„ = 1, we have 

/(c) = /(c) = / e-'^'dt. 



This shows that this cut-off is optimal (Definition [ 

The optimality introduced in Definition 12.31 is very strong. If a family presents 
an optimal (i„, 5„) total variation cut-off and also a (s„, c„) total variation cut-off, 
then tn ~ s„ and &„ ~ 0{c„). In words, if (i„, 6„) is an optimal cut-off then there 
are no cut-offs with a window significantly smaller than 6„. For a more detailed 
discussion of the cutoff phenomena and their optimality, see [7] . 

3. Cutoffs for generalized riffle shuffles 



In this section we state our main results and illustrate them with simple exam- 
ples. They describe total variation cutoffs for generalized riffle shuffles, that is, for 
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the p-shuffles defined in the introduction. More precisely, for each n (n is the num- 
ber of cards), fix a probabihty distribution pn ~ (pn(l),p„(2), . . . ) on the integers 
and consider the family of Markov chains (i.e., shuffles) 

Here Sn is the set of all deck arrangements (i.e., the symmetric group) and Un is 
the uniform niGcLSurc on Sn- 

For any x G [0,oo], set 
(3.1) *(x) = -= / e-* /'dt. 

We start with the simple case where the probability distributions Pn is concen- 
trated on exactly one integer m„ and use the notation Qn.mn fo'^ m„-shuffle. 

Theorem 3.1. Let {mn)f he any sequence of integers all greater than 1 and set 

3 log n 

fin = logm„, t„ = — . 

Then the family {{Sn, Qn.m„, presents a (tn,Mn^) total variation cutoff. 

Remark 3.1. When m„ = m is constant Theorem 13.11 gives a (|log„n, 1) total 
variation cutoff. In this case, for A; = | logm n + c, one has the more precise result 
that IIQ^^TO — C^nllxv = ^'(m^^) -f- Oc{n~^^^). In particular, for m = 2, this is the 
Theorem of Bayer and Diaconis stated as Theorem 1 1.1 1 in the introduction. 



Next we give a more explicit version of Theorem 13.11 which requires some addi- 
tional notation. For any real t > 0, set 



{t} = 



d{t) = 



1/2 if0<i<l/2 
k if fc - 1/2 < t < A: + 1/2 for some fc = 1,2,..., 

(this is a sort of "integer part" of t) and 

1/2 if0<i<l/2 
t-{t} ifl/2<t<cx). 

Theorem 3.2. Let (nin)'^' be any sequence of integers all greater than 1. Consider 
the family of shufjies {{Sn,Qn,m„,Un)}i^ and let fin, tn be as in Theorem 13.11 
(A) Assume that lim m„ = oo, that is, lim fin — oo. Then, we have: 

n — *oo n — >oc 

(1) The family {(5'„, Q„,m„, C/„)}f always has a ({i„},6„) cutoff for any 
positive bn = o(l)j that is, 

lim inf ligj; -C/„||tv = 1, Hm sup - C/„||tv = 0. 

(2) // lim \d{tn)\fin — oo then there is a (t„,0) cutoff, that is, 

n — >oo 

lim inf \\Q^ - Un\\Tv = 1, lim sup „ - C/„||tv 0. 

(3) //liminf I d(i„) I < oo then there exists a sequence {ni)f^ tending to 

n — ^oo 

infinity such that 
< liminf ||Qi*"4^„. - C/„J1tv < limsup HqI*""™; " U^Wtv < 1- 
In particular, there is no (in,0) total variation cutoff. 
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(4) // lim d{tn)fj,n = L Cz [— cxd,cx3] exists then 

n — *oo 

(3.2) lim ||Q,L{*„">J - Uj^y = *(e^). 

n — >oo 

(B) Assume that (m„)j*^ is bounded. Then tn tends to infinity, there is a (t„, 1) 
total variation cutoff and, for any fixed k £ Z, we have 

< liminf ||Q,l*;'i+'= - [/„||tv < lim sup \\Qi%}+^ - [/„||tv < 1. 

In particular, the (in,l) cutoff is optimal. 

Example 3.1. To illustrate this result, consider the case where m„ — [n"J for some 
fixed a > 0. In this case, we have 

, 31ogn 3 , . „ . 

fin ~ alogn, tn = ~ — as n tends to mnnity. 

2/i„ 2a 

(a) Assume that ^ e {k,k + 1) for some fc = 0, 1, 2, . . . . Then \d{tn)\nn — > oo 
and 

lim 1 1 g^,„,^ - Un 1 1 TV = 1 , hm 1 1 Q'^+l^ -Unhv^O. 

n — ^oo n — *oo 

(b) Assume that ^ — k for some integer fc = 1, 2, . . . . Then |(i(t„)| = 0{n^"). 
Hence ^ as n tends to infinity. Theorem 13. 2f l) shows that we 
have a {k,hn) cutoff where 6„ is an arbitrary sequence of positive numbers 
tending to 0. That means that 



lim ||g,';-^„ - Unhv - 1, lim \\Q^+„\^ - [/„||tv - 0. 

Moreover Theorem |32i;4) gives lim„_oo \\Qn,m^ - C/„||tv = *(!)• 

Example 3.2. Consider the case where m„ = [(logri)"J, a > 0. Then 

1 1 31ogn • n • 

LLn ^ a log log n, tn ^ — - — as n tends to mfanity. 

2a log log n 

Note that i„ tends to infinity and the window size goes to zero. 

We now state results concerning general p-shufhes. We will need the following 
notation. For each n, let p„ be a probability distribution on the integers. Let X„ 
be a random variable with distribution p„. Assume that p„ is not supported on a 
single integer and set 

t,n = E{\ogXn), al = Var(logX„), = ~ ^" 



Consider the following conditions which may or may not be satisfied by p„: 
(3.3) lim — ^ — = oo. 

(3-4) V. > 0, Jim (cUu.>.,-,og„}) = 0. 

Condition (|3.4p should be understood as a Lindeberg type condition. We will prove 
in Lemma [7TT1 that (|3.4p implies (|3.3p . Example 13 . 51 shows that the converse is false. 
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Theorem 3.3. Referring to the notation introduced above, assume that 

< ^„,cr„ < (X) 

and set 

3\ogn 1 J /cr2 log nl 

2fln Mn [ V ^" J 

Assume that the sequence (p„) satisfies (13. 4p . T/ien the family {{Sn,Qn,p„,Un)}'^ 
presents a {tn,bn) total variation cutoff. Moreover, if the window size 6„ is bounded 
from below by a positive real number, then the (t„,6„) total variation cut-off is 
optimal. 

Example 3.3. Assume p„ = p is independent of n and 

oo oo 

^ — ^p(fc) log A: < oo, (7^ = ^ l/i — log/cpp(fc) < oo. 
1 1 

Then condition (|3.4p holds and 

tn = 2^ logn, &„ « yiogn 



where &„ ~ ylogn means that the ratio 6„/logri is bounded above and below by 
positive constants. Thus Theorem 13.31 vields an optimal logn, -yiogn) total 
variation cutoff. 

Example 3.4. Assume that Pn is concentrated equally on two integers m„ < m!^ 
and write = rnnk'^. Thus J5„(m„) = p„(TO„fc^) — 1/2 and 

/i„ = logm„fc„, (T„=logfc„. 
In this case, Condition p.4p is equivalent to (|3.3p . that is 

^„ = log(r7i„fc„) = o(logn). 
Assuming that (|3.3p holds true, Theorem 13.31 vields a total variation cutoff at time 

^ 3 log n 

21ogm„fc„ 

with window size 



bn = ; — max < 1 



(log /c„)2 1ogn 



log log 

For instance, assume that = r7i„ + 1 with ?t!,„ tending to infinity. Then p.3p 
becomes logm„ = o(logn) and we have 

1 ( (logn)i/2 

o„ = max < 1 , ■ 



logm„ \ ' TO„(logm„)i/2 
Specializing further to m„ w (logn)" with a € (0,oo) yields 

^ 3 log n 

" 2a log log n 

and 

(loglogn)^i if a e [1/2, oo) 

(logn)i/2-"(ioglogn)-3/2 if (0,1/2). 
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In particular, 6„ = o(l) when a > 1/2 but tends to infinity when a G (0,1/2). 
Compare with Example [321 above. 



(3.5) a„ = 0(logn), „lim_ ^^^^^^^ = 0, jim^ ^ = oo. 



Regarding Theorem 13.31 one might want to remove the hypothesis of existence 
of a second moment concerning the random variables log X„ . It turns out that it is 
indeed possible but at the price of losing control of the window of the cutoff. What 
may be more surprising is that one can also obtain results without assuming that 
the first moment fin is finite. In some cases, it might be possible to control the 
window size by using convergence to symmetric stable law of exponent a G (1, 2) 
but we did not pursue this here. 

Theorem 3.4. Referring to the notation introduced above, assume that /i„ > 
/ including possibly /i„ — oo). Assume further that there exists a sequence a„ tending 
to infinity and satisfying 

{ \ogn)EZl ^ ^.^ logn 
alEYn ' EYn 

where Yn = Zn = logX„ ifXogXn < a„, and Yn = 0, Z„ = a„ i/logX„ > a„. 
Then the family {(S'n, Qn,p„, t^n)}i° presents a total variation cutoff with critical 
time 

^ ^ 3 logn 
" " 2EYn ■ 

Remark 3.2. In Theorem 13.41 if (|3.5p holds for some sequence (a„) then it also 
holds for any sequence {dan) with d > 0. Moreover, for all d > 0, 

E ((l0gX„)l{iog^„<<ia„}) ^ EYn. 

This is proved in Lemma 18.21 below. 

Example 3.5. Assume p„([e*J) = c~^z~^ for all 1 < i < [lognj, where c„ = 
1 + 2~^ + 3^^ + • • • + ([lognj)^^. Note that c„ ^ c = 7r^/6 as n ^ oo. In this case, 
fin ~ log logn, ffn log n and for e > 



E 



^""'"{4^<ep>T^ log"} 



log log n ' 



Hence the Lindeberg type condition p.4p does not hold and Theorem 13.31 does not 
apply. However, if we consider a„ = logn and try to apply Theorem 13.41 we have 
EYn = ^ log logn and EZn c"^ logn. This implies that (|3.5p holds and 
yields a total variation cutoff with critical time .T . 

^ 4 log log n 

The untruncated version of this example is Pn(Le*J) = Pd^'J) — c^^i^'^, i = 
1,2,... and c = 7r^/6. In this case, fin = ji = oo. Theorem 13.41 applies with 

2 1 

a„ = log n and yields a total variation cutoff with critical time "'^ " 



4 log log n ' 

We end this section with a result which is a simple corollary of Theorem 13.41 and 
readily implies Thcorem ll.41 

Theorem 3.5. Let Xn,Pn, IJ-n be as above. Assume that 

(3.6) Ai„ = ^(logX„) =o(logn) 
and that, for any fixed rj > 0, 

(3.7) £;[(logX„)l{logX„>r,logn}] =0,,(^„)- 

Then the family {(S'„, Qn,p„ , Un)}o^ has a total variation cutoff at time i„ = '^^^ " . 
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Example 3.6. Suppose p„ — p and < /i„ = /i < oo as in Theorem 11.41 Then 
condition (I3.6|) - (|3.7|) are obviously satisfied. Thus Theorem 1 1 . 41 f oUows immediately 
from Theorem 13.51 as mentioned above. 



Remark 3.3. Condition (|3.7p holds true if Xn satisfies the (logarithmic) moment 
condition that there exists e > such that 

i;([logX„]i+-) 

= 0{^n)- 

[\ogny 

4. An application: Continuous-time card shuffling 

In this section, we consider the continuous-time version of the previous card 
shuffling models where the waiting times between two successive shuffles are inde- 
pendent exponential(l) random variables. Thus, the distribution of card arrange- 
ments at time t starting from the deck in order is given by the probability measure 
Hn^t = e-*(^-'5"^P") defined by 

OO J. 

(4.1) H„^t{a)=H„^t{r)=e~'Y.-Qlp^ir) for a G 

where r is the number of rising sequences of a. 

The definition of total variation cutoff and its optimality for continuous time 
families is the same as in Definitions 12.11 12.21 and 12.31 except that all times are 
now taken to be non-negative reals. To state our results concerning the family 
{{Sn, Hn^t,Un)}f of continuous time Markov chains associated with p„-shuffles, 
n = 1, 2, . . . , we keep the notation introduced in Section [3l In particular, we set 

fin = E{\ogXn), al = Var(logX„), i„ = 

where X„ denotes a random variable with distribution p„, and, if cr„ G (0, oo), 

_ log Xn ~ Mn 

We will obtain the following theorems as corollaries of the discrete time results of 
Section [31 Our first result concerns the case where each pn is concentrated on one 
integer as in Theorem 13. II 

Theorem 4.1. Assume that for each n there is an integer rUn such that p{mn) = 1 
Then ^„ = logm„, t„ = 2Vogm„ "^"^ ^^'^ family T = {(5„, i7„,f, ?7„)}f presents a 
total variation cutoff if and only if 

logn 
lim = oo. 

n— ►oo logm„ 

Moreover, if this condition is satisfied then T has an optimal (tn, y/Ui) total vari- 
ation cutoff. 

Compare with the discrete time result stated in Theorem 13.11 and with Example 
13.11 which we now revisit. 

Example 4.1. Assume that P(A„ = [n"J) = 1 for a fixed a > as in Example 13. II 
According to Theorem 14.11 the continuous time family does not present a total 



log n 

13.11 that the corresponding discrete time family has a cutoff. 



variation cutoff in this case since lim„^oo -^p^ = l/a < oo. Recall from Example 
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Assume that P{Xn — [(logri)"J) = 1 for some fixed a > as in Example 
13.31 In this case, the family presents a {tn,y/Ui) total variation cutoff with 
tn = n — . Note that the window of the continuous time cutoff differs greatly 

2a log log n n j 

from the window of the discrete time cutoff in this case. 

Next we consider the general case under various hypotheses paralleling Theorems 
and [331 



Theorem 4.2. Consider the continuous time family T = {(S*.,!, H„.t, C/„)}^ as- 
sociated to a sequence (X„)^ of integer valued random variables with probability 
distributions . 

(f) Assume that /i„,cr„ € (0,oo) for all n > 1 and that p.4p holds. Then the 
family T presents an optimal {tn,bn) total variation cutoff, where 



3\ogn I I / , N / log" 1 I 

tn = —Z , 0„ max < (fin + On) \ , 1 > ■ 

(2) Assume that fin > (including possibly fin = oo) and there exists a sequence 
(cin)i° tending to infinity such that p.Sp holds. Then J- presents a total 
variation cutoff with critical time 

3 logn 

" 2EYn 

where r„ = {\ogXn)l{iogX„<a^}- 
Remark 4.1. Theorem I4.2r 2) applies when pn — p is independent of n and fi = 
P(^) log fc < oo. In this case, the family T — {{Sn, Hn,t, Un)}f presents a total 
variation cutoff with critical time tn — 2i2sii jj-^ Theorem If .41 If in addition we 
assume that = \fi — log k\'^p{k) < oo then Theorem l4.2r i) applies and shows 
that J-' has a (tn, V^og n) total variation cutoff. Compare with Example 13.31 

We now describe how Theorem 14.21 applies to Examples 13.4113.51 of Section [3l 

Example 4.2. Assume, as in Example thatp„(m„) = Pn(fnnkn) = 1/2. Assume 
further that /i„ = log(m„fc„) — o(logn). Then, by Theorem I4.2r f 1. T presents a 
{tm ^/tn) total variation cutoff, where 

^ 3 log n 

2 log rn„A:„' 

Finally, for Example 13.51 both in truncated and untruncated cases. Theorem 
14.2( 2) implies that the family presents a total variation cutoff with critical time 
4Tog'iog"n • However, Theorem 14. 2f f) is not applicable here since, in either case, the 
Lindeberg type condition p.4p has been shown failed in Example 13.51 

5. Technical tools 

Two of the main technical tools we will use have already been stated as Lemma 
11.21 and 11.31 in the introduction. In particular. Lemma 11.31 gives the probability 
distribution describing a deck of n cards after an m-shuffle, namely, 

Qn.,n(r) = m " 

\ n 

where r is the number of rising sequences in the arrangement of the deck. The next 
three known lemmas give further useful information concerning this distribution. 
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Lemma 5.1 (Tanny, [18]). Let Rn,h be the number of deck arrangements ofn cards 
having r = n/2 + h rising sequences, I < r < n. Then, uniformly in h. 



In 



Lemma 5.2 (Bayer and Diaconis, [Ij Proposition 1]). Fix a € (0,cx)). For any 
integers n, m such that c — c(n, m) = mn~^^'^ > a and any r — S {1, 2, . . . , n}, 

we have 



V 2 J n\ C\Jn \ 2 \n 



1 \ ( hV „ / 1 



24c^ 2 \cn J \cn 
as n goes to infinity. 

Lemma 5.3 (Bayer and Diaconis, [4, Proposition 2]). Let h* be the unique integer 
such that Qn,m (§ + ^) ^ ;7T if o-nd only ifh < h* . Fix a G (0, oo). For any integers 
n, m such that c = c(n, m) = mn~^^'^ > a, we have 

as n tends to oo. 

The statements of Lemmas 1 5 . 2 1 and [5?3l are somewhat different from the statement 
in Propositions 1 and 2 in '4J but the same proofs apply. The foUowing theorem 
generahzes [H Theorem 4], that is, Theorem 11.11 of the introduction. The proof, 
based on the three lemmas above, is the same as in [T . It is omitted. 

Theorem 5.4. Fix a G (0,oo). For any integers n,m such that c = c{n,m) — 

||g„,m - C/„||tv = -== / e-* '^dt + Oa [n-^'n ■ 

V27r J-i/(4\/3c) ^ ^ 

Theorem 15.41 provides sufficient information to obtain good upper bounds on 
the cutoff times of generalized riffle shuffles. It is however not sufficient to obtain 
matching lower bounds and study the cutoff phenomenon. The reminder of this 
section is devoted to results that will play a crucial role in obtaining sharp lower 
bounds on cutoff times for generalized riffle shuffles. It is reasonable to guess that 
shuffling cards with an (m + l)-shuffle is more efficient than shuffling cards with an 
rn-shuffle . The following Proposition which is crucial for our purpose says that this 
intuition is correct when convergence to stationarity is measured in total variation. 

Proposition 5.5. For any integers n,m, we have 

||Qn,m+l ^?^llTV — ll^^i^ ^^iIItv ' 

Proof. Let Am = {cr G Sn\Qn,m{o-) < ^ } for m > 1 . By Lemma below, we 
have Am+i C Am and (5„,„i(o-) < Qn,m+i{o-) for a G Am+i- This imphes 

||Qn,m ~ C^kIItv ~ Un{Am) ~ Qn,m{Am) ^ Un{Am+l) ^ Qn,m{Am+l) 
> UniAm+l) — Qn,m+l{Am+l) — \\Qn,m+l — CAiH^v ' 

□ 
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Lemma 5.6. For any integers, n, m and r e {1, . . . , n} , we have: 

(1) Q {r) < Qn,ni+l{r), ifQn,ni{r) < 

(2) Qn,k{r) > ^ for all k>m, if Qn,rn{r) > ^■ 

In particular, ifn,m,r are such that Qn.mi'r) < , then 

k i-^ Qn,k{r) 

is non- decreasing on {1, ... , m}. 

Proof. We prove this lemma by fixing n and 1 < r < n, and considering all possible 
cases of m. For 1 < m < r, the first claim holds immediately from Lemma 11.31 since 
Qn,m{r) — 0, and no Qn,m{r) satisfies the assumption of the second claim. 
For m > r, consider the following map 

/ , /a; + l\ , / x — r + 1 \ , , , 

a; I — > nlog + log — — — S r, oo). 

\ X J \x ~ r + 1 + n J 

The formula of the distribution of deck arrangements in Lemma 11.31 implies 

Qn,m (^) 



/(m) = log J 

,Qn,m+l[r) , 

A direct computation on the derivative of / shows that 

n[{2r — n — l)a; — {r — l)(r — 1 — n)] 



f'{^) = 



x{x + l){x ~ r + l)(x — r + I + n) 



Here we consider all possible relation between r and n. If r, n satisfy ^±1 < r < 
n, then the derivative /' is positive on [r, oo). This implies that f{x) is strictly 
increasing for x > r. As 

(5.1) lim f{x) = 0, 

X — *oo 

it follows that the function / is negative for x > r and hence Qn,m{''') < Qri.m+i('') 
for m > r. This proves the first claim. Moreover, as 

(5.2) lim Qn.,n{r) = ^, 

I 



we have Qn,m{''') < for all m > r and < r < n 

If r, r 
satisfies 



2 

If r, n satisfy 1 < r < ^^±1^ let xq — ^''~2r^i'^\~"^ ■ In this case, the derivative /' 



> if r < X < Xq 
< if X > xo 

This implies that / is either decreasing on [r, oo) or increasing on [r, xq] and de- 
creasing on (xo,oo) according to whether xo < r or xq > r. 

On one hand, if xq < r, that is, / is decreasing on [r, oo), then (|5.ip implies that 
/ is positive on [r, oo), which means, in particular, that Qn,rn{r) > Qn,m+ii'r) for 
m> r. In this case, (j5.2p implies that Qn,m{''') > for m> r. 

On the other hand, if xq > r, that is, / increases on [r, xq) and decreases on 
[xq, oo), then (|5.ip implies that / has at most one zero in [r, oo). If / has no zero, 
then / is positive on [r, oo) and thus (by (|5.2p ) 

Qn,7n{r) > Qn,7n+l{r) > ^ > r, 

This proves claim (2) (claim (1) is empty in this case). 
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If / has a zero, say z, then (j5.1|) hiiphes that / < on [r, z) and / > on (z, oo). 
By writing z — [zj + e with e G [0, 1), it is easy to check that 

QnXz\{r) = QnXz\+i{i') > Qn,m{r), Vm > r, m ^ { [zj , \_z\ + 1}, 

when e = 0, and 

Qn,yz\+i{r) > QnM"^), Vm >r,m^ [zj + 1, 

when e € (0, 1). Moreover, if we set mo = \_z\ + 1, then the map m » Qn.m{r) is 
increasing on [r, mg] and strictly decreasing on [mo, oo). In the region [toqi oo), (|5.2p 
imphes as before that Qn,m{''') > for m > toq. In the region [r, mg], let toi > r 
be the largest integer m such that Qn,m{r) < Then the monotonicity of the 
map TO 1-^ Qn,m{r) implies that Q„,m(r) < ^i, for r < to < toi and Q„,m(r) > ^ 
for TOi < TO < toq. This proves the desired inequalities. □ 



Lemma 5.7. Consider all deck arrangements of a deck of n cards. 

(1) For \ < r < n, let he the set of deck arrangements with at least r rising 
sequences. Then for all integers n, to and re {1, . . . , n}, we have 



Un{Ar) — Qn,m{Ar) > 0. 

3rs n, to, let c ~ c{n, to) = 
set of deck arrangements with number of rising sequences in [f ~ 2^+'*^ , '' 

l/(4V3c) 



(2) Fix a > 0. For integers n,m, let c ~ c{n,m) = mn "^/^ > a. Let Be he the 

,nl. 



Then 

inf fc/„(Se)-Q„,fc(S, 



k<rn 



2tT J-1/(4\/3c) 



e-*'^^dt + Oa (n--^^ 



Proof. As Qn.m{f) is non-increasing in r, we have either Qn,m{<^) < for all 
(J € Ar or Qn,micr) > for all a G Sn — A^. The inequality stated in (1) thus 
follows from the obvious identity 



Un{Ar) 



Mr) 



i{Sn Aj.) Un{Sn Aj.) . 



To prove (2), let Hq = — ^ + . By Lemma [5731 since ho > h* for large n, we 
have Qn.m{<^) < —\ for (t G Be. Lemma 15.61 then implies 



inf Un{Bc) - Qn,k{Bc) = Un{Bc) - Qn,m{Bc) for n large. 



By Lemmas 15. 1[ 15.31 we have 



1 



Un{Bc) — Qn,miBc) ] — WQnjm — f^nllTV 



< 



E 



^71, h 



/^dt + O 



h'^12/r. 



n 2 



The equality in (2) then follows from Theorem 15.4 



□ 
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6. Proof of Theorem EUl 1372 



The following lemma is a corollary of Theorem 15.41 It is the main tool used to 
prove Theorems 13.11 and 13.21 

Lemma 6.1. For n e N, let nin G N and c„ — m„n~^/^. Set 

liminf c„ = L, limsupc„ = U. 

(1) If L > ^(including possibly the infinity), then 

limsup ||Q„^„„ - C/„||tv < 

n— !-oo 

(2) If U < oc(including possibly 0), then 

liminf||Q„.„,„-C/„||Tv 

(3) IfU = Le [0,oo], then 

lim ||g„,™„-C/„||Tv = *(f/"'). 

n — ^oo 

Proof. Note that (3) follows immediately from (1) and (2). As the proofs of (1) and 
(2) are similar, we only prove (1). Assume first that < L < oo. Let e S (0, L) and 
choose N = N{e) such that c„ > L — e for n > N. This implies that for n > N, 

II Qn^nin — C/^mIItv < sup \\Qn.k~Un\\TV 



where the last equality follows from Theorem 15.41 Letting n tend to infinity first 
and then e to gives (1). 

If L = oo, let C e (0, oo) and choose N = N{C) so large that Cn> C \i n> N . 
As in the previous case, for n > N, 

||Q„.m„ - C/„||tv < + Oc (n-'/") . 

Now letting n, C tend to infinity yields (1) again. 



□ 



Proof of Theorem [HTl For n > 1 and c e M, let i„ = and 



k = k{n, c) 

This implies 



\t„ + cfi-^~\ ifoO 
ltn + c^-'^\ ifc<0 

'>e'= ifoO 
<ef if c < ■ 



Let /, / be the functions introduced in Definition 12.21 By Lemmas II. 21 and 16. li we 

have 

7(c)<*(e-=) ifoO, 

and 

/(c)>*(e-=) ifc<0. 
Letting c tend respectively to oo and — oo proves Theorem 13. II □ 
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Proof of Theorem 13.21 In this proof, k always denotes a non-negative integer. 
We first assume that m„ tends to infinity. Note that 

'>t+l/2 iik>{t} 
<t-l/2 if fc < {i} and t G [1/2,00) . 
if fc < {0 and t e (0, 1/2) 

This imphes 

> ml/^ if fc > {tn} 

< rrin^^^ if fc < {tn} and i„ > 1/2 

_ = if < {tn} and t„ G (0, 1 /2) 

Theorem 13.2^ 1) thus follows from Lemmas 11.21 and 16.11 

The proof of Theorem 13.21^ 2) is similar to the proof of (1) but depends on the 
observation that 

\d{t)\ ifk>t 




, , for fc e N, 

\d{t)\ ifk<t 



which implies 



> exp{|d(<„)|^„} if fc > i„ 
^< exp{-\d{tn)\fj,.a} iffc<i„. 

For Theorem 13. 2f 3). by assumptions 

liminf |(i(i,i)|/i„ < 00, lim /i„ = 00. 

n — >oo n — *oo 

Thus we can choose M > and a sequence {ni)f tending to infinity such that 
\d{tn,)\tJ-ni < M and > 1/2 for aU i > 1. Since {t} = t - d(t) for t> 1/2, we 
have that for all i > 1, 

-AI ^ -3/2 ^ M 

By Lemmas 11.21 and 16 . 1 [ this implies that 

lim sup II Qi*:Al„. - [/„,||tv < *(e^') < 1, 



and 



liminf II Qi*;;^t - Uu^Wty > *(e-*^) > 0. 

i — >oo ^ 



For Theorem I3.2r 4l. if L < 00, then the fact, lim„^oo = 0°: implies that 
tn> 1/2 for large n. In this case, {tn} — tn — d{tn) £ TL and 

(6.1) ml*"> =n3/2e-'*(*")^". 

Then the desired inequality (|3.2p follows from Lemmas 11.21 and 16.11 

If L = CJO, let (ni)^ be a sequence such that tn > 1/2 if and only if n = Ui 
for some i. Observe that if n ^ {ni\i = 1,2,...}, then [{in}J — 0, and hence (|3.2[) 
follows immediately. For the sequence (inJi", since (|6.ip holds in this case, the 
discussion for L < cx) is applicable for t^ and hence (|3.2p holds. This finishes the 
proof of (4). 

We now assume that (m„)5" is bounded and let N be an upper bound of m„. 
The proof in this case is similar to the proof of (3) after observing that 

tn + k-l< {tn} + fc < t„ + fc + 1, 
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and 

□ 



7. Proof of Theorem 13.31 
We start with the foUowing elementary but crucial lemma. 

Lemma 7.1. Let {Yn}'^^i be a sequence of nonnegative random variables. Set 

Suppose that (a„)5^]^ is a sequence of positive numbers such that the Lindeberg type 
condition 

(7.1) Ve>0, lim E [^1^^.^,,^}] =0, 

holds. Then 

lim a„ = oo and lim " = 0. 

Proof Note that E [^l'^ {^l<ea„}] < e^n for all e > 0. By (fTT]) . this imphes 

liminfa„ > e-iS[e,^J = e"^ 

n — >oo 

Hence lim„_»oo a„ = oo. Next, fix e > 0. As is nonnegative, we have 

E L4„l{c,.<o}J ^ T2- ^ —2 — ' 
for all n large enough, and 



Let L = liminf //^a„/cr^j G [0,oo]. Combining both inequalities and letting n ^ oo 

n — >oo 

imply 

1 < V^{L + Vl). 

Letting e ^ shows that L — oo, that is, a^/ [ji^-^an) — > 0. □ 



Recall the generalized model of riffle shuffle defined in (|L2|) . For n > 1, let p„ be 
the distribution of an integer-valued random variable Xn and consider the family 

{(5„,Q„.p„,?7„)}r where 

OO 

(3n,p„(-) = E{Qn^xA-)) X! Pni'm-)Qn,m{-)- 

m— 1 
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Let Xn,i, Xn,2, ■■■ be a sequence of i.i.d. random variables sharing the same distri- 
bution as Xn- Then, for a, A; > 0, 

oo / k \ 

\\Qn,p^ - Unhv <Y.P (I[^n.^ = ^ \\Qn,rn " C/„||tv 
m=l \i=l / 

(7.2) <P (j[ X„,, < n^/^a^ ^ ^ ij\ " "^^^^"^ + [n'^^^ 

= (*(a-i) - 1)P |n^n,» > '^'/'aj +l + Oa (n-i/^) , 

where the first inequaHty comes from the triangle inequality and the second in- 
equality follows from Theorem 15.41 

Consider the set Ba defined in Lemma |5.7[ that is, the subset of Sn containing 
permutations with numbers of rising sequences in — + n^^^,n]. Lemma \5l7\ 
then implies that 



(7.3) 



\Qn,p„ - Unhv > J2 P\Y[Xn,^=m\iUniBa)-Qn,,niBa)) 
Tn<n3/2a U=l J 



Proof of Theorem [3T3l For c € R - {0}, let 

\tn + c6„l if c> 



k ~ k{n, c) 



[t„ + cbn\ if c < 



where t„ = and 6„ = ^maxjl, ^ ""^7" j. By hypothesis, 133) holds. 

Thus Lemma |7. II implies 

(7.4) lim tn = oo, bn = o(i„). 

n — *oo 

By Definition 12. 2i to prove a (t„, 6„) total variation cut-off, we have to show that 

lim 7(c) =0 lim /(c) = 1, 

C—*00 C— » — C30 — 

where 

7(c) = limsup||gf,^p^ - UJtv, /(c) = liminf lig^^p^ - UJtv- 



Note that &„ > 2^ [^1 + ^/ '""^"^" j . This implies 

1 / 3/2 c/2\ 1 c /cr^logn |<0 if c > 
2y l>0 ifc<0 



Hence, we have 
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and 

k 



1=1 



For fixed c G R — {0}, consider a triangular array of random variables whose 
fc-th row consists of 

logX„,i,logX„,2, ...,logX„,fc. 
In this setting, k ~ i„ and (|3.4[) is equivalent to the well-known Lindeberg condition 
for such an array. Hence the central limit theorem (e.g., [TH Theorem 1, page 329]) 
yields 

liminf P I J|X„,, > nie'/^j > ^ (l + *(2V2c)) if c> 0, 

and 

liminf p|j|X„^, < n^e'^/^l > i + iJf(-2V2c)) if c < 0. 
Then, by ((7?^ and (fO|l . we have 

7(c) < 1 - i (l - *(e-"/2)) (l + 1'(2y2c)) for c> 0, 

and 

/(c) > ^^'(e"'=/^) (l + *(-2V2c)) for c < 0. 

Hence the (t„, 6„)-cutoff is proved by letting c tend to oo and — oo respectively. 

For the optimality of such total variation cutoff, we need to estimate /(c) for 
c < and /(c) for c > 0. Assume that 6„ > 5 > for all n > 1. Then we have 

^ _ f + c6„J > t„ + c6„ - 1 > t„ + (c - h-^)bn if c < 
\ + c6„] < t„ + c6„ + 1 < i„ + (c + 5-i)6„ if c> ■ 

Arguing as in the proof of cutoff above, we obtain 
liminf p|]^X„,, > nie("-^"')| > ^ (l - *(4V2(fe-i - c))) for c < 0, 

and 

liminf p|]^A:„,, < nie('=+''"')| > ^ (l - *(4\/2(&-i + c))) for c> 0. 



Hence, the functions /, / are bounded by 



and 



Vc < 0, /(c) < 1 - i (l - *(e(^ '-^))) (l - *(4\/2(6-i - c))) 
Vc> 0, /(c) > ^^'(e~(''"'+")) (l - *(4V2(6-i + c))) > 0. 



< 1, 



By Definition 12.31 the family {(iSn, Q„.p„ , C/„)}J° has an optimal (t„,6„) total 
variation cutoff. 

□ 
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8. Proof of Theorems EUl ISTSl 

To work without assuming the existence of /i^, we need the following weak law 
of large numbers for triangular arrays. See, e.g., [12j . 

Theorem 8.1. (Weak law of large numbers) For each n, let Wn,k, ^ l£ k < n, be 
independent. Let 6„ > with 6„ — s- oo, and Wn.k = W^n,fel{|w„ k\<bn}- Suppose that 

(1) ELi P{\WnM > bn} 0, and ■ - " 

(2) b-' ELi EWl, ^Oasn-.^. 

If we set Sn = Wn,i + ... + Wn,n and put s„ — EWn.k, then 

— ^0 in probability. 

bn 

Proof of Theorem \3Al For < |e| < 1, let 



k = k{n, e) 



r(l + e)i„l ife>0 
L(l + e)t„J ife<0 



By (|7.2p and (|7.3p . to prove a total variation cutoff with critical time t„, it suffices 
to prove that for all a > 



lim p|tTx„,, > nh\ 



(8.1) lim P <; I I X„,, >n2a} =1, if e > 0, 
and 

(8.2) lim P<\ \ X„,, < n^a J> = 1, if e < 0. 



Indeed, if these limits holds true then (|7.2p and (|7.3p give 

limsupllQ^p^ - C/„||tv < *(a"^) for e > 

n — >oo 

and 

liminf||Q^„ - (7„|1tv > *(a~') for e < 0. 

The total variation cutoff is then proved by letting a tend to infinity and respec- 
tively. 

To prove (IHII])-(IH21), note that EZf^ = EY,^ + alP {log > a„}. By the second 
part of assumption (j3.5p . we have 

(8.3) (1 + e)i„P{logX„ > a„} ^ and {1 + e)t,,a-^EY^ 0, as n -> oo. 
In order to apply Theorem 18. 11 for fixed e E (—1, 1), consider 

WkS = logX„4, ...,Wk^k = iogXn,k 

as the fc-th row of a triangular array of random variables. Then l|8.3p shows that 
the hypotheses (1) and (2) in Theorem 18.11 hold . Hence 

(8.4) a-^ (j2 ^ogXn,^ - (1 + e)tnEYn] ^ in probability. 



THE CUTOFF PHENOMENON FOR RANDOMIZED RIFFLE SHUFFLES 



21 



Note also that for a > 0, a-^ {\og{n^/'^a) - (1 + e)tnEYn) ^ ~%]^^'' ■ Hence the 
first part of assumption (j3.5p implies that 

limsupa"^ (log(n^/2a) - (1 + e)tnEYn\ < if e > 0, 
(8.5) ^ ^ 

liminf a;;! (\og{n^/^a) - (1 + €)tnEY^ > if e < 0. 

n — *cxD \ / 

Combining both ([O)) and (1531) proves ((51^ and ([5?^ . □ 
Proof of Theorem 13.51 Let X„ be integer valued random variables such that 

P{X„-fc}-p„(fc) forfc = l,2,... 
and satisfying (|3.6p . (|3.7p . Let a„ = logn in Theorem 13.41 so that 

Yn = (l0g>'^)l{logX<logn}, ^ Yn + (log l{log X>log n} ■ 

Set L„ = logX„. By (P?7)) . we have £'(L„l{2.„>iogn}) = o(At„). Hence £'(yn) fin 
and the third condition of (|3.5p follows from (|3.6p . To apply Theorem l3.4[ it remains 
to show 



EY^ _^ P{L„>logn}log 



n 



lim " = 0, hm ^ ° ' " = 0, 

E Yn log n n— >oo h In 



n — )-oo 



or equivalently, 



EY^ ^ P{L„>logn}log 



n 



lim = 0, lim ^ " ^ — — = 0. 

n^oo fin log n n^oo fj,^ 

The hypothesis p.7p gives 

P{Ln > lognjlogrt ^ P(P„l{L„>log n}) _ ^^^^ 

which proves the second desired limit. For the first limit, for any 77 G (0, 1), write 

EYn — -E[L^jl{L„<^iog„}] + E{Ln'i-{nlogn<L„<logn}) 

< ?7^„logn + £;(i„l{L„>r,iogn})logn 

< (77 + o^(l))^„logn 

where we have used p.7p again to obtain the last inequality. Thus 

EY^ 
fin log n 

Letting n tend to infinity and then 77 tend to shows that the left-hand side tends 
to as desired. □ 



The next lemma deals with condition (|3.5p appearing in Theorem 13.41 and plays 
a role in the proof of Theorem l4.2r 2). 

Lemma 8.2. For n > 1, let an, bn > and Xn be a non-negative random variable. 
According to the sequence (an)i° o,nd c > 0, set Yn = X„l{x„<ca„} o,''^d Zn — 
Yn + cani{x„>can}- Consider the following conditions. 

(8.6) an = Oibn), lim %^ = 0, lim ^" - - 



alEYn EYn 
Then (|8.6p holds for some c > if and only if it holds for any c > 0. 
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Proof. On direction is obvious. For the other direction, we assume that (j8.6|) holds 
for some c > 0. The second condition in (18. 6p imphes 



(8.7) P{Xn > can} - o 



Let d > and = X„l{x,.<da„} and = y,^ + da„l{x„>da„}- Then ([83 
and Chebyshev inequahty imply 



\ey:~eyj < 



canP{Yn > dan} if d < c 
danP{Xn > can} ii d > c 

anEYn ' 



bn 



o{EYn), 



and 



\EZ[^ - EZl\ < \d^ - c^\alP{Xn >idA c)a„} 
= 1^2 - (p{y^ > A c)a„} + P{X„ > ca„}) 

Hence we have EYn ^ EYn and ^"^fi^y, > 0. □ 

9. Proofs of Theorems 14. II and 14.21 

In this section we are concerned with the continuous time process whose distri- 
bution at time t, Hn,t, is given by (|4.ip . that is 

oo 
k=0 

Let Xn,i, Xn,2, ■■■ be a sequence of independent random variables with probability 
distribution p„. Let X„ be an integer valued random variable whose probability 
distribution p„ is given by 

With this notation , we have 
and 

Hn.k = EiQlj^J = QIp^, fc = 1, 2, . . . . 

Let h be any nonnegative function defined on [0, oo) satisfying h{0) = 0. Fubini's 
Theorem yields 

(9.2) E{h{logXn)) = C-' -E{h{Xn^j)), 

where Xnj = logX„.i + • • • + logX„.j. Thus, if we assume that /x„, cr„ < oo and 
let h{t) = t (resp. h{t) = i^), we obtain 

£:(logX„) = ^„ and Var(logX„) = ct^ + 



(9.1) pn{l) - P{X„ = l} = 
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Proof of Theorem 14. 11 Here, we deal with the case where, for each n, p„(m„) = 1 
for some integer m„. Observe that for any integers n, M and time t > 0, 



M 



where id is the identity of Sm that is, represents the deck in order. 
Assume that 

,. . nlogn- ^ 
nmmi < oo. 

n— ►oo ^„ 



Let M be an integer and be an increasing sequence such that supi,>]^ < 

M . Let (ifc)i° be an arbitrary sequence of positive numbers. Then, by Theorem 
13.11 and the observation above, we have 

Hm |li/„,,,tfc - t^nJlTv = ■^=^ Km % = oo. 

k — >oo k — >oc 

This means that the subfamily {(S*,!^, i/„^,f, C/n^Jjf', and thus itself, does not 
present a total variation cutoff. 
Assume now that 

logn 
lim — oo. 

Then i„ — tends to infinity and thus t„ ~ [t„J . Clearly, a (t„, cutoff for 

i?„,t is equivalent to a (i„, cutoff for Qn,p^- We now prove the desired cutoff 
by applying Theorem 13.31 to Qn,p„- To this end, we need to show that (|3.4p holds 
for X„. Set |„ = . Then (E^I) implies 



for any e > and n > ml/'^. Hence (|3.4I) holds for X„ and, by Theorem 13.31 the 
family {{Sn,Qn,pn,Un)}i^ presents, as desired, an optimal {tn,bn) total variation 
cutoff with bn — ■\/logn//i„. □ 

Proof of Theorem 14. 2( 1). As in the proof of Theorem 14. 11 the desired cutoff for 
the family {(5„, i?„,t, C^n)}i° is equivalent to the same cutoff for {{Sm Qn,p„, t^n)}i° 
because cutoff time and window size tend to infinity. Hence, the desired conclusion 
will follow from Theorem 13.31 if we can show that X„ at (19.11) satisfies (13.41) . Set 



= i2£fa|^. Then ^ implies 
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if efi-^ logn > 1. Fix e,S> and let M = A/(5) G N, iV = N{e, M) G N such that 
2 Em+1 ir < '5 and > 2M if n > TV. In this case, (031) impUes that 

(9.4) 

M ( _ n2 



7 

i=i 



To bound the expectation in the right hand side, we consider the following sets. 

For 1 < i < j < M, let 



(logX„,, - /i„)2 elogn 

i>n.i — S > 



Then 



(9.5) ^^^>J^KU^-. 



i=l 



and 



AmjCS„., if ,/£i2gIi>2Af 



: log 



Mr, 



This implies that for n > TV, 1 < i < j < M, 
/ ( A„ „ - u„ 

E 



< 



2 r'{On,i\ + 2h 4„lj-,2> .logr. ] 



<3£^ 1 j if " is large. 

Now, using (|9.5p and these estimates in (|9.4p . and applying the hypothesis that 
X„ satisfies p.4p . we obtain 

limsupE: (C^l||2>,is£ii}) < ^ V(5,e > 0. 

Hence p.4p holds for X„. By Theorem 13.31 the family {(5„, i?„^4, C/„)}^ presents 
an optimal , total variation cutoff, where 

6„ = ^max|,/M±5)i5^,l| 

/in V J 

(note that 6„ always tends to infinity). □ 

Proof of Theorem 14. 2( 2). The proof is similar to that of part (1) except that 
we will use Theorem 13.41 instead of Theorem 13.31 Let 

}■ 
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By (1121), we have 



X„,i<a„} 



It is apparent that EYn < EYn- For j > 0, we have 

^logX„,, l{2:^^logX„,.<a„} 



> 



E{^(l°g^-l{logX„,.<^}) 

1=1 



By Lemma IH21 (or Remark l3.2p and (|8.7p . we have 



hm inf i? 

n — >oo 

Hence, for fc > 



£l0gX„,,; j l{2^|logX„.,<a„} 



hminf — — > e 

n^oo EYn 



3=0 



Letting fc ^ oo imphes EY^ ^ EY^. 

To apply Theorem 13.41 it remains to prove that the second part of p.Sp holds 
for Yn and Z„, that is, 

logn 



= o (^^^) , P {log l„>a„}=o 
Note that, by the hypothesis that X„ satisfies p.Sp . we have 



logn 



P{logX„ > a„} = o 



logn 



Then (|9.2p . Lemma [5T^ and the above observation imply 

< ^~'fl^E (^(l0gX„,,)l{logX„„<a„} ) 



EY;^ + {EYnY < 2EY,f = o 



2 / O-riEYn 



logn 



and 



OO ^ ( j \ 
P{\ogXn > an} = ^ -P <^ ^ log Xn.^ > a„ > 



26 



G.-Y. CHEN AND L. SALOFF-COSTE 



Since, for j > 1, 

P \\0gXn > ^ !> = P{\0gXn > an} + P j^n > 

, fEY^ , f EY„ 
al \\ogn 



we have 



P{\ogXn > a„} = o 



^ log n ^ 

By Theorem I3.4[ the family Qn,p„, Un)}j° presents a total variation cutoff 
with critical time . Hence the same holds for {(S'„, Hn,t, Un)}f- □ 
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